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Abstrat
We look for osmologies with a salar eld (dark energy without osmologial onstant), whih mimi the
standard ΛCDM osmologial model yielding exatly the same large-sale geometry desribed by the evolution of
the Hubble parameter (i.e. photometri distane and angular diameter distane as funtions of z). Asymptoti
behavior of the eld solutions is studied in the ase of spatially at Universe with pressureless matter and separable
salar eld Lagrangians (power-law kineti term + power-law potential). Exat analyti solutions are found in some
speial ases. A number of models have the eld solutions with innite behavior in the past or even singular behavior
at nite redshifts. We point out that introdution of the osmologial salar eld involves some degeneray leading
to lower preision in determination of Ωm. To remove this degeneray additional information is needed besides the
data on large-sale geometry.
1 Introdution
Standard ΛCDM osmologial model explains the wealth of experimental data on CMB anisotropy
and Ia type supernovae [3, 8, 13℄, though some fats require modiation of the dark matter equation
of state [6, 11℄ without any revision of the osmologial onstant. On the other hand, theoretial
and experimental developments neessitate modiation of the Standard model leading to ideas of
ination, osmologial elds, branes in extra dimensions et (see, e.g., [10, 11, 14, 15℄. Introdution of
salar elds as a key element of the dark energy seems to be one of the most simple and natural ways
to launh primordial ination and to explain the osmologial oinidenes [10, 16℄. As soon as the
salar eld was introdued in osmology, the question about reonstrution of the eld Lagrangian
from observational data arose [1, 20℄ and a number of interesting examples have been onsidered whih
establish some orrespondene between dierent models that may be used to explain observational
data on equal terms (see [1, 7, 16, 17, 20℄) and referenes therein). The solution of this problem
appears to be unstable: small errors in the experimental data lead to onsiderable hanges in the
potential. Introdution of non-anonial kineti term like k-essene models [4, 5, 9, 12, 18℄ obviously
reates additional ambiguities in reonstrution of the salar eld Lagrangian.
Introdution of the additional eld may lead to a revision of some osmologial parameters, even
if we retain the large-sale geometry of the FRW Universe desribed by the redshift dependene of
the Hubble parameter H(z). Present onstraints on ΩΛ,Ωm within ∼ 2 − 3% auray [3, 8, 13℄
rely upon measurements of H(z) within the framework of the ΛCDM osmologial model, whih use
the data on Ia type supernovae magnitude-redshift dependene and WMAP data that restrit the
position of the rst peak in the CMB anisotropy power spetrum. The redshift-spae distortions used
to onstrain the osmologial parameters from LSS surveys (see, e.g., [2, 7℄) also have geometrial
origin. When additional degrees of freedom due to the salar eld are introdued, the same H(z)
dependene as in ase of the ΛCDM osmologial model might be preserved. At the same time
this leads to a redution of Ωm if some independent information on this parameter be used. Of
ourse, there are the other ways to study the dark matter ontent (galati rotation urves, virial
∗
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mass estimates, gravitational lensing), however they determine Ωm with muh lower auray. If the
salar eld is introdued leaving somehow the large-sale geometry unhanged, we annot separate
its ontribution into the osmologial density from the other forms of matter with the same preision
as in the ΛCDM model.
We keep in mind this problem in the present paper dealing with reonstrution of the salar eld
Lagrangians that yield exatly the Hubble diagram of the standard ΛCDM model. The outline of the
paper is as follows. In Setion 2 we write down the basi relations for spatially at osmology with
the salar eld and pressureless matter. In Setion 3 we study the problem with separable salar
eld Lagrangians L = F (S) − V (ϕ), S = gαβ∂αϕ∂βϕ/2 that mimi the Hubble diagram (namely
H(z) dependene) of the ΛCDM model under dierent suppositions: with the anonial kineti term
F ≡ S (Setion 3.1); with more general power-law kineti term (Setion 3.2) or with the linear and
power-law potential V (ϕ) (Setion 3.3). Setion 4 summarizes the results.
2 Basi equations
Here we present the basi relations of the salar eld osmology. Details may be found in [4, 9,
14, 16℄. We onne ourselves to the ase of the ritial osmologial density, whih means that the
spae-time metri is spatially at [2℄
ds2 = dt2 − a2(t)[dχ2 + χ2(dθ2 + sin2(θ)dϕ2)], (1)
(c = 1), the sale fator a an be related to the redshift z:
1 + z = a(t0)/a(t). (2)
The observable photometri distane is
Dph(z) = (1 + z)
z∫
0
[H(ς)]−1dς,
where H(z) = a˙(t)/a(t) is the Hubble parameter at the osmologial epoh t. Therefore one may
onsider H(z) as an experimentally measurable funtion yielding a(t) up to an unessential onstant
fator.
We onsider a osmologial model, where the main ontribution to the osmologial density is due
to the salar eld plus the matter with zero pressure p = 0. The mass density ρm of the pressureless
matter varies as a funtion of the redshift as follows:
ρm = (1 + z)
3Ωmρcr, (3)
where ρcr = 3H
2
0/(8piG), Ωm = ρm(t0)/ρcr, H0 = H(0) being the modern value of the Hubble
parameter and t0 is the modern epoh. The salar eld Lagrangian
L = L(S, ϕ), S =
1
2
gαβ∂αϕ∂βϕ (4)
leads to the Friedmann osmologial equations, whih in ase of spatially at Universe are
a¨
a
= −
4piG
3
[
ρm + ϕ˙
2∂L
∂S
+ 2L
]
, (5)
(
a˙
a
)2
=
8piG
3
[
ρm + ϕ˙
2∂L
∂S
− L)
]
, (6)
S ≡ ϕ˙2/2.
2
Taking (3) into aount we have dz/dt = −(1 + z)H(z). This enables us to rewrite (5),(6) in
terms of observable quantities z,H :
S
∂L
∂S
=
(1 + z)
16piG
dH2
dz
−
Ωm
2
(1 + z)3ρcr, (7)
L(S, ϕ) =
(1 + z)4
8piG
d
dz
(
H2
(1 + z)3
)
, (8)
S =
(1 + z)2
2
H2
(
dϕ
dz
)2
. (9)
3 Salar eld model yielding Hubble diagram of ΛCDM
At present the ΛCDM osmologial model is in a good agreement with all the observational
data having relevane to the spae-time geometry. In ase of spatially at osmologial model with
pressureless matter (without the salar eld) the osmologial equations yield
H2(z) = H20h
2(z), h(z) ≡ [Ω0m(1 + z)
3 + 1− Ω0m]
1/2, (10)
where the values H0 ≈ 72km · s
−1Mpc−1, Ω0m ≈ 0.3 are obtained by tting the data with the
standard ΛCDM model [8, 3, 13℄. Note that in presene of the salar eld the real ontent Ωm of the
pressureless matter in the osmologial density will be less than Ω0m.
Our rst step will be to investigate Eqs.(7)-(9) in ase of the dependene (10) that will be regarded
as the observational one. We shall present the examples of Lagrangian that lead to the same
dependene (10).
The equations (7)-(9) may be viewed as observational restritions on the funtion L(S, ϕ). Obvi-
ously, they do not x this funtion in a unique way. We shall onsider less general Lagrangian
L = F (S)− V (ϕ), (11)
with subsequent spei hoie either of the kineti term F or the potential V . The restritions on
these funtions on aount of (7),(8) take on the form
S
dF
dS
=
ρcr
2
(1 + z)3(Ω0m − Ωm), (12)
V (ϕ) = F (S) + ρcr(1− Ω
0
m). (13)
We see from (12) that for an inreasing F (S) one must require that Ωm < Ω
0
m: the salar eld
eats part of the osmologial density. For dF/dS < 0 we have Ωm > Ω
0
m. Further we put for
deniteness dϕ/dz > 0.
3.1 Quintessene: anonial kineti term
For ertain known kineti term F (S) the eld ϕ(z) may be obtained from (12); then V (ϕ) is
determined parametrially. Now we proeed to onrete examples.
In ase of the standard kineti term F (S) ≡ S Eqs.(12),(13) are easily solved to yield
ϕ(z) =
[
3(Ω0m − Ωm)
8piG
]1/2 z∫
0
dς
[
(1 + ς)
Ω0m(1 + ς)
3 + 1− Ω0m
]1/2
+ ϕ(0), (14)
V (ϕ) =
ρcr
2
[
(1 + z)3(Ω0m − Ωm) + 2(1− Ω
0
m)
]
(15)
3
Note that at present epoh dV/dϕ 6= 0 (z = 0).
For z ≫ 1 we have an exponential growth of V (ϕ)
V (ϕ) ≈
ρcr
2
(Ω0m − Ωm) exp
{[
24GΩ0m
Ω0m − Ωm
]1/2
ϕ
}
, (16)
but the eld grows only logarithmially as a funtion of the redshift. In ase of small deviation of
Ωm from Ω
0
m the ontribution of V (ϕ) remains small for all z in omparison with the old matter
energy density. More general problem of Lagrangian reonstrution inluding non-spatially-at ase
has been onsidered in [7℄.
3.2 K-essene: F is given, nd V
Now we onsider equations (12),(13) with a kineti term of the form
F (S) = (a|S|α + b)β; (17)
for deniteness we onsider positive a, b, α, β. The left-hand side of (12) is a monotonous funtion,
so S and therefore dϕ/dz > 0 is uniquely dened from (12). This gives the monotonous funtion
ϕ(z) up to the additive onstant. The potential V (ϕ) also turns out to be a monotonous funtion.
We denote γ = αβ.
For γ < 1 the eld asymptoti behavior is
ϕ(z) ∼
1
1−γ
(Ω0m − Ωm)
1/(2γ)z3(1−γ)/(2γ) +O(1)
as z →∞,
V (ϕ) ∼
1
(Ω0m − Ωm)
γ/(1−γ)
ϕ2γ/(1−γ), ϕ→∞.
For γ = 1 the potential has exponential behavior like (16). For γ > 1 the salar eld is bounded
ϕ(z)→ ϕ1 for z →∞, where ϕ1 <∞, and V (ϕ)→∞, ϕ→ ϕ1.
3.3 K-essene: V is given, nd F
First of all we note that in ase of the onstant potential V (ϕ) = V0, for any non-trivial dependene
F (S), it follows from (13) that S = const. This is inompatible with (12) unless the eld is onstant,
S = 0 and Ωm = Ω
0
m.
Consider the power-law potential
V (ϕ) = Aϕn. (18)
Then Eq.(13) takes on the form
F (S) = ρcr
[
(Ω0m − Ωm)ψ
n − (1− Ω0m)
]
, (19)
where ψ = ϕ/α, α = [(Ω0m − Ωm)ρcr/A]
1/n
. After dierentiation of (19) with respet to z and
ombining the result with (12) we have
(1 + z)3
d
dz
{
ln
[
(1 + z)h(z)
dψ
dz
]}
= nψn−1
dψ
dz
, (20)
In ase of the linear potential (n = 1) Eq. (20) leads to a rst order linear dierential equation
with respet to (dψ/dz)−1 yielding an expliit solution
ψ(z) = C1 +
z∫
0
dz′

(1 + z′)h(z′)

C2 −
z′∫
0
dz′′
(1 + z′′)4h(z′′)




−1
, (21)
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C1, C2 are arbitrary onstants. Then
S =
α2H20
2

C2 −
z∫
0
dz′
(1 + z′)4h(z′)


−2
. (22)
Equations (19), (22) dene F parametrially.
Denote
I0 =
∞∫
0
dz′
(1 + z′)4h(z′)
(i) In ase of C2 > I0 the funtion S(z) is monotonially inreasing on z ∈ (−1,∞); it varies within
the interval (0, Smax), Smax = (α
2H20/2) [C2 − I0]
−2
. Therefore F and ϕ may be dened as
single-valued funtions of S only on (0, Smax) and we are free for arbitrary hoie of F (S) for
S > Smax.
(ii) In ase of C2 = I0 we have ϕ(z) ∼ z
3
and F (S) ∼ S1/3 ∼ z3 for S → Smax =∞.
(iii) If 0 < C2 < I0, then there is a eld singularity ϕ ∼ ln(z1 − z), F (S) ∼ ln(S) for some z → z1
and, aordingly, singularity of the energy density. The solution of the system (11),(19) annot
be extended for all z in the past. Analogous situation ours in the future for C2 < 0.
In a general ase n > 0 it follows from (11) that in a regular point of the funtion F (S) the
derivative dϕ/dz annot be zero. Equation (20) may be written as
(1 + z)3
2S
dS
dz
= nψn−1
dψ
dz
,
whene dS/dz 6= 0; so S(z) and ϕ(z) are monotonous funtions and there exists a single-valued
inverse funtion z(S) on some interval. Depending of the initial onditions for (20) the following
ases are possible for solutions of (20) for z > 0:
(i) S(z) is bounded for all z;
(ii) S(z) → ∞ as z → ∞, in this ase there is a solution having power-law asymptotis ψ(z) ∼=(
1
n
+ 1
2
)1/n
z3/n, z →∞;
(iii) S(z)→∞, ϕ(z)→∞ as z → z1 for some z1 <∞. In this ase (20) yields
(1 + z1)
3 d
dz
{
ln
[
dψ
dz
]}
=
dψn
dz
,
where we have omitted the bounded terms that are not essential for asymptotial behavior of ψ for
z → z1. After substitution ψ = (1 + z1)
3/nξ1/n (negleting an integration onstant) we have
ln
[
ξ(1−n)/n
n
dξ
dz
]
= ξ,
whene
∞∫
z
ξ(1−n)/ne−ξdξ = C3(z1 − z),
5
C3 is an integration onstant.
The asymptoti expansion of the left-hand side integral in powers of ξ−1 is
∞∫
z
ξ(1−n)/ne−ξdξ = ξ(1−n)/ne−ξ
(
1 +
1− n
nξ
+
(1− n)(1− 2n)
n2ξ2
+ ...
)
,
whene we get
ψ(z) =
[
−(1 + z1)
3 ln(z1 − z)
]1/n (
1 +O
(
ln(ln(z1 − z))
ln(z1 − z)
))
.
4 Disussion
We onsidered the FRW osmologial models without Λ-term but with the salar eld and
the pressureless matter in ase of spatially at Universe. We study the salar eld Lagrangians
L = F (S)− V (ϕ) yielding the same dependene H(z) as in the ΛCDM model, whih provides the
same dependene of photometri distane and angular diameter distane upon redshift. The H(z)
dependene restrits the potential V (ϕ) up to integration onstants, provided that the kineti term
F (S) be given, and vise versa. The exat analyti expression in parametri form are presented for
V if F (S) ≡ S; and for F in ase of the linear potential V (ϕ).
If the salar eld is introdued, then some part of osmologial density Ωfield will be due to this
eld. If Ω0m (the dark matter ontent) is derived within the standard model on aount the data on
large-sale geometry, then introdution of the salar eld leads to the relation Ωm +Ωfield = Ω
0
m and
therefore to some hange of the real ontent of the dark matter. Therefore Ωm and/or Ωfield annot
be separated on aount of purely geometri data without additional information onstraining these
parameters separately. In fat the same dependenies of the Hubble parameter, photometri distane
and angular diameter distane upon redshift may take plae for dierent relations of Ωm and Ωfield.
This degeneray an be removed using independent data about Ωm, whih, e.g., are related to the
large-sale struture and/or whole CMB anisotropy spetrum, however in this ase the auray of
determination of Ωm will be worse in omparison with purely ΛCDM model. It should be pointed out
that this degeneray is due to the unknown Lagrangian; this problem does not arise if we speify the
appropriate Lagrangian form up to some parameter set; e.g., in ase of a anonial kineti term and
V (ϕ) = αϕ2 + βϕ3 + γϕ4 the model parameters an be onstrained uniquely (within experimental
errors) from the observed H(z) dependene. On the other hand, it would be highly improbable that
realisti Lagrangian must have exatly one of the forms desribes in Setion 3 so as to mimi the
ΛCDM model. However, a rigorous approah must rule out suh possibility as well.
The examples onsidered above when the kineti term is speied (subsetions 3.1, 3.2) show
the innite behavior of the eld in the past though the relative ontent of the eld energy density
remains typially of the same order as at the present epoh (∼ Ω0m−Ωm). The other set of examples
(subsetion 3.3) shows singular behavior for nite z and thus suggests possibility of new physial
situation (phase transitions?) in the early Universe.
At the end we note that though the above onsiderations deal with the ase of spatially at
Universe and pressureless matter, main qualitative aspets (degeneray in determination of Ωm and
existene of singular behavior in the past) will remain in a more general ase dealing with more
general dark matter equation of state or H(z) dependene.
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